
Problem Set : Linear models Abhi 's solutions
- Not Larry approved .

Input matrix is productive if for some x*Z0 ,
x Ax 't

.

If a) A = 0.6 0.2 0.1

too: :: ::)
x't -- ft , 't, IT →

Ax't = ( 0.9 ,
0.9

,
O .9)t

80g A is productive .

na -

- fo:: ::]
X ⇒ Ax = [0.6 x , -10.5×2O - IX , +0.5×2)
X , > 0.644 +0.5×2 .

X' 7 54×2 .

}
Xz > O' IX, t 05×2 .

X ' s 5k
) '

→
Productive

so 54%4,55 x. ⇒ x'Eff) ; A# [ to :3]
.



③ TS : A is productive iff CI-A)
'
exists and is

non - negative .

Pf⇐ "

⇒
"

Use Them : A is productive ⇒ CI -A) has full rank .

Thus
, CI -A)

- '

exists .

Use them : A is productive ⇒ Hy>0 ,

X = CI -A)
- '

y 70

Ei = (O . . . .0,10¥ 30 ⇒ X -- CI -AT
'

ei 30 . Hi

Thus
,
each column of A is non - negative .

U⇐
"

If A-AT
'
exists and is non - negative ,

a- = ft , - - - it) ⇒0

I = CI - A)
- '

it 30 .

(I -A)I = a 770
So
,
F I 30 where I 77AI

⇒ A is productive .



13T TS : Ann is productive ⇒ F 9-Ejtn :(A. c)je 't
t

D¥ Towards a contradiction : I;)
Suppose : Ac Z e

CI -A) e -- y E O
.

F X 't70:(I-A)x't 30 .
-

⇒ FAE @ ,
Ed : r = Xe + A-A)x't

such that : I-A) 2=0 .

, 21=0

( i30 , O)
⇒ FI-A) not full rank!

④ IT = PCI-A) -Ao
Tu egham : A -- O

p
't
= ao CI-AT

'

⇐"
'

i'¥
.
:*
.
:*

Ao CI- A)" = [5 , 2712 , 9) .



15T (a) Review section 4 notes and recordings .

(b) Notice that the proof in the notes

sets
§ = Ao II -ATT

F ⇒8 if ao FIAT
-
'

⇒ 0 since g- DO .

We will show that I - A)
''

⇒ O .

For a productive ,
A
,
we use a von- Neumann

expansion :

(I - A)
-I
= It At A

'

t - - -
-

From (a) we know that Hi
,j ,
Fm :

Aff 70
⇒ LI - A)

- '
DO
-



⑥ 2 goods → wine (v)
,
mutton (m) .

2 input requirement → labor in Spain ,
labor in England .

(a) In such a model
,
the PPS should be

4=1930 : TE (B-Atx ,
Aix EI

,
I 303

Here :

I = (r ,mT
I = (Xue , Xvs , X.me , XMDT
A -- foo oooo :]
This is because producing roam in any
country only requires a labor input and
no good input .

B -- f. 'of 9.91
So
, g- E (B-A)I ⇒ v E Xvetxrs

M E Xmetxms



Ao -- [ age a:S age 0am
.
] it

-

- feed
(b) Convex polyhedron for PPS :

Y = the set of all fr , m) that solve :

'÷
where 0

,
M
,
Xue , Xme , Xvs , Xms I

O
'

checking convexity of set :

suppose V
,
M

, Xve , Xme , Xrs , Xms 30 &

V
'

,
m

'

, X 're , X'me ,
X've , Kms 30

satisfy above inequalities ,
then :

H E = 12 + A -X)z' ,
E 30

Q - E -
- Q HE + A-HE ')
= X QE + A-X) QI

' Ext +Atys
tax



Checking doseduess :

suppose I {Ei : i> I} sequence such that

i - Hi
, Q -Ii Et

ii - zT→E*

Since weak inequalities are preserved in the

limit :

QE't Et
.

and 3*38
-

(e) hk , B) =

nrzax 421-1322

St Q - E ta

I 30

(d) Dual : min we Let Wels
Pv , Pm , we ,Ws

St . pv > a - - - - fu)

pm > B - - - Cm)
-Pvt weave > O - - -

- (Xue)
- pm t Neame 30 - - - Cxme)
- Pv + wsavs SO - - - ( Xvs)
- pm + Ws Ams 30 - - - (Xms)

Pr , Pm ,
We
, Ws 30



(e) From constraints 1 and 2 :

vfpv - d) = m (pm - 137=0

If 4 , m) 770 ⇒ a - Pr and B -- pm .

If i C- { rim} and jefe , s} ,

Xijofwjaij - pi] =O

If wjaij > pi ⇒ negative profits
then xij = O

.

-

(f) Xue 70
,
Xvs 70

,
Xme 70

, Xms
70

By complementary slackness :
i - we are = Po = Ws Avs ⇒ we = Aage
ii - Neame = pm = Ws Ams ⇒ FI = aammsee
⇒ are = are

Ams Ame

No comparative advantage .

(g) similar to f- g ane f and

Are Ars

=



IF countries : A
,
B

Goods : 2E EO , Ef
Labor regt : @G) , BG))

, go,
- only 1 input

z is ordered so that a =afd/bk) strictly k
in 2 .

Output prices : (PG))zero
,as

Input prices : wa
, Wb

Input endowments : La
,
LB

⑥ Convex support function of world PPS :

KLA , 43) =

Yaya,x×. of
"
-

Pk) 'Hak)

txbkddzs.to/-aG)Xafz)dzE La . - -
- (wa)

I

J bk) Xb de k ↳ - - - - (Wb)
O

Xaf) , Xbf) 30

Complementary slackness :

wa [ of
'

a xafz) de - La] = 0

Wb [of
'
-

bG) Xb de - Los] = O



Dual = Min wa LA t Wb LB
Wa , Wb

sat . { wa . at) 7- Pk) - - - - fixated}#a
{ Wb - bk) 7- Pk) - - - Hbk))) ite
wa

, Wb 30

Profit maximization condition : H z E [0,17
,

XaG) (pfe) - wa afd] -- Og plz) Ewa ate)

Xbfz) (PG) - Wb BED = Og Pk) I cobble)
- X-

⑥ If Xa (E) 70 , XBCE) >0 for some EEG ,I

then :

plz) = Wa ACE)

pfe) = Wb BCE)

⇒ afEf -- NE) - wewa
-

CD AH proposition : F z't E fo ,D such that

any XA
't

70 has 272*4any Xps
't
70 hasz Iz't .



Pfi key ingredient :

i - complementary slackness conditions

ii - da) is strictly decreasing
Part (b) above says that for any good
produced in both countries

g
NE) = wwbea .

Since
,
DC) is strictly decreasing
⇒ I almost one I E fo it] : NE) --Wfa .

=

Towards a contradiction
, suppose

I 2
, ,z such that 2 , > Ea .

Let A produces z and B produces z , .

Wada) 7- PH
wa aka) = ppg

& Wb bk) = plz,)
Wbbka) > pkd

aa¥, > PIET, & Pp¥, > h¥ .

⇒ ab, > al¥z, =
a dkd

By strict decreasing : Hakala)⇒ Contradiction



But suppose xafz ,) 70 , does this imply
XaGD >O Aziz,?

Kaki) 70 ⇒ pfa) -- wa ala) .

It is possible that :

pKa) L wa aGD ⇒ XaGD -0

Pf¥, < HI I
aka) . o

- x-

⑧ Seek .
Notice that it is the only good

that both A and B can produce simultaneously .

This happens when : O E 2¥ Wfa E 1
-x-

③ Identical consumers with Cobb- Douglas preferences
⇒ Use aggregate representation .

Consumer problem : max of (oak)) deCA

St . off G. E) dz E WALA



Uaf) is Cobb Douglas
⇒ LNS ⇒ of

"

plz) a.G)da = WALA -

:O of
"
-

pfe) affair
.

de = I .

-

= SAG)

If UA = UB
g given preferences are C-D :

PGm.at#--pHa3k7WBLA
SAG) = SBG) = SG) .

--

⑤ Fraction spent on country A goods :

EE'D ¥ 's de f : E;÷¥)
~

Revenue in A = OG't) [Wala + wblb]
Labor expense

= wa La

in A

Eorbm : IG't)wb↳ = Wala [1-86*7]



Revenue in B - H- OTH)) fwalatwblb]
Labor expense

in B
= Wb lb

Eofbm : EG't) wblb = ft -Fk't)) Wala .

- X-

⑧ yea = ¥H¥¥ =P

⑨ Pk 't) = wig = Next .

Diff . wait . La

a'Hoffa = dual L÷¥8E*¥)
=÷H¥¥t.E.to#oij*oa--E.ftEYzi*-E.fdoTz*Y..ddittany



I

06*7 = f stack
z*

Using Leibniz Rule :

dEG = - t.sk)
dz't

:m⇒a÷=÷tE¥¥¥¥.EE'T'

a'6*7486*72 data = EKTA-EG'D)
+ Lask't) dit

dla

1¥ = oextft.EE#d4z*)LbOTz*Y-Laslz*)
- To
LO

DI LO Intuition : Lat ⇒ wat,⇒ Wutai ,
d La de) -- wut Ratko

⇒ ziti
- X-


